APPROXIMATION AND SUPPORT THEOREM FOR 
A TWO SPACE-DIMENSIONAL WAVE EQUATION 



ANNIE MILLET AND MARTA SANZ-SOLE 

Abstract. We prove a characterization of the support of the law of the solution 
for a stochastic wave equation with two-dimensional space variable, driven by a 
noise white in time and correlated in space. The result is a consequence of an 
approximation theorem, in the convergence of probability, for equations obtained 
by smoothing the random noise. For some particular classes of coefficients, aproxi- 
mation in the IP norm, for p > 1 is also proved. 



1. Introduction and Preliminaries 

In this paper we characterize the topological support of the law of the solution to 
the stochastic wave equation with two-dimensional spatial variable 

( ( d 2 \ 

~~ / ' X ^ = X ^ ^(dti dx) + b (u(t, x)) 

(1.1) 



\dt 2 

u(0, x) = Uo(x) 
du 

(0, x) = v (x) 



^ dt 

(t,x) G [0,oo[xR 2 . 

Here F(t, x) is a generalized Gaussian field with covariance 
(1.2) E(F(t, x) F(s, y)) = S(t -s)f(\x-y\), 

where 6 denotes the Dirac delta function and / is a continuous function on ]0,oo[ 
satisfying an integrability condition made precise later (see (CI) ). In addition the 
functional J : £>(R 3 ) x D(1R 3 ) — ► R given by 



J(ip,ij))= / dt dx dy<p{t,x)f(\x-y\)*(t,y) 
Jo Jm. 2 Jr 2 

is positive definite. With these hypotheses the process {F(t, x), (t,x) G [0,cxd[xR 2 } 
exists. 

We consider the mild formulation of (1.1). That means, let 

S{t,x) = — (t 2 - \x\ 2 )-^ l{\ x \ <t } , 
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then a solution of (1.1) is a stochastic process {u(t, x), (t,x) G [0, oo[xR 2 } satisfying 
u(t, x) 

(1.3) 



S(t,x- y) v (y) d y + ^( J 2 S(t,x-y) u (y) dy^ 

+ / / S(t-s, x-y) [a(u(s,y)) F(ds,dy) + b(u(s,y))dsdy}. 
Jo Jr 2 



I 



Consider the following set of assumptions on the elements defining (1.3): 
(CI) There exists (3 G (0, 1), r > 0, such that for < t < r 

rf(r) In (l + -)dr < Ct p . 
'o \ rJ 

(C2) u : R 2 — > R is of class C 1 and bounded with 2 (f+p) -Holder continuous partial 

derivatives, v : 1R 2 — > R is such that \v \ + |Vm | G L 90 for some q G]4, oo] . 
(C3) <j, 6 : R — >■ R are globally Lipschitz functions. 

Fix T > and a compact set K C R 2 . In the previous work Millet and Sanz- 
Sole (1997), we have proved that, assuming (CI), (C2) and (C3), equation (1.3) 
has a unique solution. Moreover, the trajectories of u are 7-Holder continuous in 

(t, x) G [0, T] x K for every 7 G (0, ^) • 

Let H denote the completion of the inner-product space consisting of measurable 
functions h : [0, T] x R 2 — > R such that 

/ ds dx dy \h\ (s,x) f(\x-y\) \h\ (s,y) < +00, 
Jo Jr 2 Jr 2 

endowed with the inner product 

(h 1 ,h 2 ) H -= / ds dx dy h!(s,x) f(\x -y\) h 2 (s,y) . 
Jo Jr. 2 Jr 2 

For any h G H, let {& h (t,x), (t,x) G [0, 00) x R 2 } be the solution of 

$ h (t,x) = [ S(t,x-y)v (y)dy + ^-( [ S(t,x - y) u (y) dy] 
Jr 2 ctt \J R 2 J 

+ [ ds [ dy f dz S{t-s, x-y) a{<5> h {s,y)) f{\y - z\)h{s,z) 
Jo Jr 2 Jr 2 

(1.4) + / / S(t-s,x-y)b($ h (s,y))dsdy. 

Jo Jr 2 

Set 

(1.5) <^ 7 .^ = su p m t i x )\+ su p rv, — 77m ttv;- 

te[o,T] t,t'e[o,T] {\t — t'\ + \X — X'\ p 

x£ K x,x'eK 

tjtt' , x itx' 

We prove in Section 2 that the support of the law of {u(t, x), (t,x) G [0,T] x K} 
is the closure with respect to the norm || ■ || 7j j. of the set of functions h G H}, 
where {& h (t, x), (t, x) G [0, T] x K} is the solution of (1.4). The proof is based on an 
approximation result for equations more general than (1.3) constructed by smoothing 
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the random noise F(t, x). We refer the reader to Millet and Sanz-Sole (1994a), Millet 
and Sanz-Sole (1994b) and Bally, Millet and Sanz-Sole (1995) for a presentation of 
the method an applications to stochastic differential and stochastic partial differential 
equations. 

In the framework of stochastic partial differential equations, the regularization of the 
noise rises up technical difficulties connected with the explosion of the corresponding 
integral (see for instance Bally, Millet and Sanz-Sole (1995)). This problem does not 
appear here because of the following reasons. The noise F is smoother than space- 
time white noise. On the other hand the integrability condition (CI) and Lemma A.l 
in Millet and Sanz-Sole (1997) yield 

fi(t) < C t? +1 

(see (4.2) and (4.11) ). This fact prevents explosions, as in made explicit in the proofs. 
We now introduce some preliminaries and notations used along the paper. 
Let H be the completion of the inner-product space of measurable functions ip : 
R 2 — > R such that J R2 dx J R2 dy \<f(x)\ f(\x — y\) \ f{y)\ < +oo endowed with the 
inner product 

{v^)h : = / dx / d v <p( x ) /( \ x - y\ ) Hv) ■ 

JR 2 J R 2 

Let {ej, j G N} be a complete orthonormal system of H that is supposed to be fixed 
in the sequel. Define 

(1.6) Wj(t) = [ f ej(x) F{ds, dx), j G N, te [0,T] . 

Jo Jr 2 

Clearly {Wj, j G N} is a sequence of independent Brownian motions. 

Let H. be the separable Hibert space of functions k : [0,T] — > R N such that 

lo ^i=i \kj(s)\ 2 ds < oo endowed with the inner product 

(k,k)n = / ^'( s ) 

Jo j= l 

Notice that the mapping 

J : H — > Ti 

if i— > (/ (ip(s,*), ej (*))ijds) 

\Jo y jeN 

provides an isometry between H and Ti,. 

Let T t = &(f( [0, s] x A); < s < t , A G £(R 2 )) , t > . For any ^-predictable 
process tp G L 2 (Q; H) we have 

rt r 00 rt 

(1.8) / / <p(s,x) F{ds,dx)=J2 / M s >*). e i(*)>H^( ds )> 

Jr 2 =1 Jo 
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t G [0,T], so that the stochastic integral with respect to the martingale measure 
F can also be viewed as a stochastic integral with respect to the Gaussian process 
{W(k), keH} defined by 



(1.9) 



w(k) = j2 
.i=i J ° 



kj(s) Wjids) . 



We introduce smooth approximations of F constructed as follows. Fix n G N and 
let V n be the partition of [0, T] determined by i = 0, 1, . . . , 2 n . Denote by A, 

the interval ^, ( ~ l+ 2 ^ T j and by |Aj| its length. We write W^-(Aj) for the increment 
W J (^) - Wj(§),i = 0,..., 2 n - 1. Define 



(1.10) 



W7 (s)ds , j g n) 



where VF n = if j > n, and for 1 < j < n 



(1.11) 



Set 
(1.12) 



W7(t) 



2 n T~ 1 W^A^) l Ai (t) if i G [2-"T,T] , 

if t G [0, 2~ n T) . 



i=i 




a;' 



l (t,*) = E W7(t) e, 



It is easy to check that a.s., uu n G H and, more precisely, 

1 n 

(1.13) IKIIm^) < 22 , Vp G [1, oo) . 

Indeed, fix p G [2, oo); then 



n 2" 



\LP(U;H) 



j=l i=l 

< Cu2 2^ 



Moreover, for any < ti < t 2 < T, similar computations imply 



(1.14) 



l[ti,t 2 ]||Lf(n;H) < C ™ 2 22 |t 2 -ti|2. 



Let (Cl,F,P) be the canonical space associated with a standard Brownian motion. 
Denote by (f2,jF, P) the product space (0 N , JF® N , P® N ), which will be our reference 
probability space. 

Set k(t) = k(s) ds for keH. For any integer n > 1, let denote the transfor- 
mation of Q defined by 



(1.15) 



T*(w) = w + k-w n 
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Notice that T£(w) = w + f Q (p n (s, w) ds, where {<f n (t, w), t E [0, T}} is an 7i-valued 
process adapted to the filtration generated by {Wj(t), t G [0,1], j G N}. There- 
fore, by Girsanov's theorem, P {T^)~ l <C P. This fact will be used in the proof of 
Theorem 2.1. 

The paper is organized as follows. In Section 2 we prove the characterization of 
the support by means of an approximation in probability. In Section 3 we prove 
approximations in L p -norm under stronger hypotheses on the coefficients. As usual, 
all constants are denoted by C, independently of their values. 

2. Approximation in probability and support theorem 
The purpose of this section is to prove the following result. 

Theorem 2.1. Assume (CI) to (C3), fix a compact set K C R 2 and let {u(t, x), te 
[0, T], x G K} be the solution of (1.3). Then for any 7 G ^0, 2 (\+p) ) ^ e topological 
support of the law of u in the space C 7 ([0,T] x K) of ^-Holder continuous functions 
in (t, x) is given by the closure in C 7 ([0, T] x K) of the set of functions , h G H}, 
where {$ h (t,x), t G [0,T], x G K} is the solution of (14). 

The proof of Theorem 2.1 is a consequence of an approximation result, in the 
convergence in probability, for an equation more general that (1.3). 
More precisely, let us introduce the following hypothesis 

(C3') The coefficients A, B, D, b : R — > R are globally Lipschitz functions. 

Then we consider the evolution equations 

X n (t,x) = X°(t,x)+ f [ S(t-s,x-y) A(X n (s,y)) F(ds, dy) 

Jo Jr 2 

+ (S(t-;X-*) B(X n (; *)), U n ) H + (S(t-;X-*) D(X n (; *)), h) H 

(2.1) + / / S(t-s,x-y)b(X n (s,y))dsdy, 
Jo Jr 2 

X(t,x) = X°(t,x)+ [ [ S(t — s, x — y) (A + B) (X(s, y)) F(ds, dy) 

Jo Jk 2 

+ (S(t-;X-*) D(X(;*)), h) H 

(2.2) + / / S(t-s,x-y)b(X(s,y))dsdy, 

Jo Jm. 2 

where n > 1, A, B, D, b satisfy (C3'), h G H, u n is defined in (1.12) and 

(2.3) X°(t,x)= f S(t,x-y)v (y)dy + %-( f S(t, x - y) u (y) dy). 

Jr 2 ot v J R 2 / 

Our aim is to prove the following: 



6 ANNIE MILLET AND MARTA SANZ-SOLE 

Proposition 2.2. Assume (CI), (C2) and (C3'J. For any 7 e (0, 2{ f +/3) ) , rj > 
and every compact set K C M 2 , 

(2.4) lim P(||X n -X|| 7)A: >77) = 0, 
where \\ • || 7; # /10s &een defined in (1.5). 

We at first show that Theorem 2.1 is an easy consequence of this Proposition. 
Proof of Theorem 2.1. Assume that Proposition 2.2 has been proved. For n > 1, set 

u n (M) = X°(t,:r) + (S(*--, x-*) <tK(.,*)), w n ) H 

(2.5) + / / S(t-s,x-y)b(u n (s,y))dsdy, 

Jo Jm. 2 

v n (t,x) = X°(t,x)+ / S(t- s, x -y) a(v n (s,y)) F(ds, dy) 

Jo Jm. 2 

+(S(t - x - *) a(v n (; *)), h - u n ) H 

(2.6) + / / S(t- s, x -y) b(v n (s,y))dsdy. 

Jo Jm. 2 

Clearly, equations (2.5) and (2.6) are particular cases of (2.1) while equations (1.3) 
and(1.4) are particular cases of (2.2), obtained by choosing A = D = 0, B = a and 
A = D = a, B = —a, respectively. 

Moreover, u n = Given h e H, set k — J{h), where J is the isometry defined 
in (1.7). Then, by (1.8), equation (2.6) can be rewritten as follows 

00 „ t 

v n (t,x) = X°(t,x) + J2 / (S(t-s,x-*) <r(v n (s,*)), ej)jjWj(ds) 

3=1 Jo 

00 „ t 

+ J2 / (S(t-s,x-*) (tK(.,*)), e 3 ) k {k 3 {s)-W-{s))ds 

+ / / S(t- s, x-y) b(a n (s,y)) dsdy, 
Jo Jm. 2 

with WJ 1 defined in (1.11). Therefore, v n = u o T%, where is the absolutely 
continuous transformation on Q defined by (1.15). 
The convergence (2.4) implies for any rj > 0, 

lim P( ||$ w " - u\L K > rj) = 0, 

n— >oo 

lim P(\\u(T r h l )-<S>%, K >r ] ) = 0. 

n— >oo 

These two convergences yield the characterization of the support stated in Theo- 
rem 2.1 (see, for instance Bally, Millet and Sanz-Sole (1995)). □ 

Before proving Proposition 2.2, we should address the question of existence and 
uniqueness of solution for the equations (2.1) and (2.2), respectively. 
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As in Millet and Sanz-Sole (1997), the classical Picard iteration scheme provides the 
existence of a unique solution of (2.2) in the space C 7 ([0,T] x K), 7 e (o, 2 (i+i3) ) ■ 
Moreover, 

(2.7) sup sup E{\X{t,x)\ p ) < 00, pe[l,oo). 

0<t<T xeR 2 

This method does not seem appropiate for equation (2.1), due to the term involv- 
ing u n which has an unbounded if -norm. For this reason, we first localize u n as 
follows. For any positive integer n, M e M+ and t £ [0, T], set 

(2.8) A nM (t) = { sup sup 2 n |W,-(A i )| <Af) 

L l<j<n 0<i<2-"([2™tT- 1 ]-l)+ J 

and 



a;"' M (t,x)=^(t,x) U„, M(t) . 



Notice that 



(2.9) sup \\ou n ' M (t,*)\\ A < M Vn. 

0<t<T 

Consider the evolution equation 

X n , M (t,x) = X°(t,x)+ I [ S{t-s, x-y) A{X nM {s,y)) F{ds,dy) 

Jo Jw 2 

+ (S(t -;X-*) B(X nM (; *)), U n ' M ) H 

+ (S(t-.,x-*) D(X n , M (.,*)), h) H 

+ / S(t-s, x-y) b(X nM (s,y)) dsdy. 
Jo Jm. 2 

As in Millet and Sanz-Sole (1997), Picard's iteration scheme provides the existence 
and uniqueness of the solution to this equation. For any (t, x) G [0, 1] x M 2 , define 

X n (t, x) = X njM (t, x) on A n)M (T) . 

For fixed n and M, the sets (A n:M (t)) te [ 0jT ] are decreasing in t. Therefore, a standard 
argument based on the local property of stochastic integrals implies that this defini- 
tion is consistent and, since P(Um>i -*4ti,m(1)) = 1 for every integer n, this provides 
the existence and uniqueness of solution to equation (2.1). 

The proof of Proposition 2.2 relies on a localization procedure and on Lemma 4.1. 
We start by giving the ingredients which are needed in the localization. 
Fix a > (2 In 2) 2 and for every n > 0, set 

(2.10) M(n) = a 2? n 2 , 
and 

(2.11) A n (t) = A nM (n) (t) . 
Lemma 2.3. The following convergence holds: 

lim P(A„(T) C ) =0. 
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Proof: Let Z denote a iV(0, 1) random variable. Then 

F^ n (T) c ) < n T P(\Z\ > 2~f Af(ra)) 

< ^ n 2 TT7 — r exp ' 

M(n) 



C \fn exp ( — n( ^ — In2) ] ► . 

V V 2 / y n— >oo 



□ 



Remark 2.4. Due to (2.9), on the set A n (T), we have: 

(2.12) \\u n \\ H < C n 2% 
and, for any < t < t' < T, on A n (t') we have: 

(2.13) \\u n l m \\ H < C n 2% \t-t\* . 

In particular, if [t, t'] C Aj for some % — 0, . . . , 2 n — 1, on A n (t') it holds: 

(2.14) \\u n l m \\ H <Cn. 

Our next purpose is to check that the sequence of processes Y n (t,x) := X n (t,x) — 
X(t, x) , n > 1 satisfies the requirements of Lemma 4.1. 

To this end, we introduce some notations and prove several Lemmas. For any n > 
1, t G [0,T], set 

t n = max{A;2- ri T; fc= 1,..., 2 n - 1 : k2~ n T<t}, 

(2.15) i n = (i n -2-"T)vO, 

X"(t,x) = X°(t,x)+ T [ S(t-s,x-y) A(X n (s,y))F(ds,dy) 

J0 Jr 2 

+ (S(t-;X-*) B(X n (;*)) l [0A j(.), o/% 

+ (5(*-. >a ;-*) D(X n (-,*)) l [0ltn ](.), tyn 

(2.16) + /" / S(t-s,x-y)b(X n (s,y))dsdy, 

Jo Jr 2 

X~(t,x) = X°(t,x) + t n f S(t-s,x-y) (A + B)(X(s,y))F(ds,dy) 

Jo Jr 2 

+ (S(t-;X-*) D(X(;*)) W-), h) H 

(2.17) + /" / S(t-s,x-y)b(X(s,y))dsdy. 

Jo Jr 2 

To lighten the notations, we do not write explicitely the fact that the process X~ 
depends on n. In the sequel || || p denotes the L p (f2)-norm. 
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Lemma 2.5. Suppose that conditions (CI), (C2) and (C3') hold. Then, for any 
p G [1, oo) and every integer n > 1, 



sup \\X(s,x) -X-(s,x)\\ p < C 2" 

(s,x)e[0,T]xR 2 



Proof: Set \\X(t,x) - X-(t,x)\\ p p < C £? =1 Vi(t,x), with 



9+1 

' 2 



V^x) = E 



S{t -s,x- y) {A + B) (X(s, y)) F(ds, dy) 



V 2 (t,x) = E(\(S(t-;x-*)D(X(-,*)) l (w] (-), h) H \*), 



V 3 (t,x) 



E 



S(t — s, x — y) b (X(s, y)) ds dy 



Burkholder's and Holder's inequalities, (2.7) and (4.11) yield 

V!(t,x) < C fi(t-t n )% ( 1+ sup E(\X(t,x)\ p ) J < C 2- n ^2 , 

\ (t,x)e[0,T]xR 2 v ' J 



with /j,(t — t n ) given by (4.2). 

Schwarz's and Holder's inequalities imply 

V 2 (t,x)<C\\h\\ p H »(t-t n ) P *(l+ sup E(\X(t,x)\A) <C2-"(' 3+1 )I 

\ (t,x)e[0,T]xR 2 v ' J 

Finally, Holder's inequality implies for v(t) defined by (4.3): 

V 3 (t,x) <c(ff S{t-s, x-y)dsdy)\ 1+ sup E(\X{t,x)\ p ) 

^ Jt n Jr 2 ' \ ^ ' 

< c u(t - t n y < c 2~ 2np , 

which completes the proof of the Lemma. 

Consider the Picard iteration scheme associated with (2.1): 

X° n {t,x) = X°(t,x) andforA;>0, 

X k n +1 (t,x) = X°(t,x)+[ t [ S(t- 3 ,x-y) A(X k n (s,y)) F(ds, dy) 

Jo Jm. 2 



□ 



+ { S (t-;X-*) B(X'(;*)), U n ) H + (S(t-;X-*) D(X*(;*)), h) H 



(2.18) + 



f [ S(t-s,x-y)b(X*(s,y))ds,dy. 
Jo Jm. 2 
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For any < r < t < T and every integer k > set 

X° n (t,r;x) = X°(t,x), 
X k+1 (t,r;x) = X°(t,x)+ f [ S(t - s, x - y) A(X k (s,y)) F(ds, dy) 

H 



+ ( S (t-;X-*) B(X k n (;*)) l [0 , r] (•), U n ) 
+ (S(t-;X-*) D(X k (;*)) l [0 , r ] (•), h) H 

+ T f S(t-s,x-y)b(X k (s,y))dsdy, 
Jo Jr 2 



(2.19) 

(2.20) X k+1 (t,x) = X k+1 (t,t n ;x). 
Notice that X*(t, t; x) = X*(t, x). 

Lemma 2.6. Assume (CI), (C2) and (CS'). Then, for every p G [l,oo), t G 
[0,T], k > 1, n > I, 

snp E{\X k (s,y)-X k (s,y)\ p l An(s) ) < C 2~"( 1+ ^ 

(s,y)e[0,t]xl 2 



(2.21) 
and 

(2.22) 



x 



1+ sup E(\X k n -\s,y)\v l An{s) ) 

(s,j)6[0,t]xR 2 



snp £7(|X B ( a ,y)-X-( a ,y)|' U„ (s) ) < C rf 2~<^ 

(s,!/)e[0,f]xl 2 



X 



1+ sup E(\X n (s,y)\ p l An{s) ) 

(s,y)e[0,t]xR 2 



Proof. Consider the decomposition 

4 

(2-23) E(\X k (t,x)-X k (t,x)y U n{t) )<Cj2 T^(t,x), 



i=i 



with 

T k >\t,x) = E 




S(t-s,x-y) A{X«-\s,y)) F(ds, dy) 



l A n (t) 



T*> 2 (t,x) = E(\(S(t-.,x-*)B(X k -\.^))l {tn , t] (.),u; n ) H \ P l An{t) ), 



T k n >\t,x) = E(\{S(t-.,x-*)D(X k - l (.,*))l {tn , t] (.), h) H 
T kA (t,x) = e( f f S(t-s,x-y)b(Xt 1 (s,y))dsdy 

\ Jt n JR 2 



l A n (t) 



l A n {t) 
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The local property of stochastic integrals, the inclusion A n (s) D A n (t) for s < t, 
Burkholder's and Holder's inequalities and (4.11) yield 



T^(t,x) < Cn(t-t n )* 1+ sup E(\X^\s,y)\ p l An(s) ) 

(s )3 /)e[0,t]xR 2 



(2.24) 



1+ sup E( \Xt\s, y)\ p l An( s)) 

(s,y)6[0,t]xR 2 



Schwarz's and Holder's inequalities, (2.14) and (4.11) imply 



T^ 2 (t,x) < E 



i( tn , t ] 1a„(*)||h 

x \\S(t-;x-*) B{X k n ~ l (.,*)) U n(t) ||^' 



(2.25) 



< Cn p 2~ n(1+/3) § 



1+ sup EdX*- 1 ^^)!" u w ) 

(s,i/)G[0,t]xR 2 



Similarly, using (4.3) for the last inequality, we have 

(2.26) T^(t,x)<C\\hr H 2-^%\l+ sup £( \Xt\s, y)\ p l An{s) ] 

1 (s,y)£[0,t]xR 2 



(2.27) T^(t,x)<C2- 2n ? 1+ sup £( |X^( S , y)\> l An{s) ) 

1 (s,y)e[0,t]xR 2 J 

Thus (2.23)-(2.27) conclude the proof of (2.21). 

Using the arguments in the proof of Theorem 1.2 Millet and Sanz-Sole (1997), we 
obtain 

(2.28) 



lim 

k— >oo 



sup E 



(s,x)€[0,t]xl 



X h n (s, x) - X n (s, x) \ p + \X*(s, x) - X-(s, x) f) l An(s) ] = . 



Therefore, (2.21) and (2.28) yield (2.22). 

We now prove the convergence of X~(s,y) to X n (s,y). 

Lemma 2.7. Assume (CI), (C2) and (C3'). Then for any p G [1, +oo) ; 



□ 



(2.29) 

and 
(2.30) 



sup sup E 

n>l (t,x)e[0,T]xR 2 



(\X n (t,x)\ p + \X-(t,x)\ p ) 



< oo 



sup 

(t,x)e[0,T]xl 



X n (t,x)-X~(t,x) > j l An 



(t) 



Proof. We want to show that, for any p G [1, oo), 



(2.31) sup sup sup E 

n>l k>0 (t,3;)e[0,T]xl 2 



U.M l\XZ(t,x)\> + \XZ(t,x)\> 



< +oo . 
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Indeed, (2.29) is a consequence of (2.31) and (2.28). For r < t consider the decom- 
position 



(2.32) 
where 

T^(t,r;x 

T^ 3 (t,r;x 
T n fc+M (t,r;x 

T* +1 >%t,r;x 





E(\X k n +\t,r ]X )\v U„ (t) ) <CJ2 T^%r;x), 



\X°(t,xW, 
E 



E 
E 
E 

E 



I [ S(t-s,x-y) A(X*(s,y)) F(ds,dy) P l An(t) ), 
Jo </r 2 7 

(S(t-;x-*)B(X*(.,*)) l [0 , r] (-), w b >h| P 1^(*)), 
(S(t --,*-*) [S(X n fc )- (-,*) WO.^fUw). 

(<?(i-.,*-*)D(X n fe )(-,*) l [0>r] (.), fc>* 



L A n (t) 




^R 2 



S(* - s, x - y) b(X*(s,y)) dsdy 



l A n (t) 



) 



Under hypotheses weaker than (C2), we have proved in Millet and Sanz-Sole (1997): 
(2.33) \X°(t,x)\<c(\\v \\ qo + \\Vu \\ qo 

Burkholder's and Holder's inequalities yield 



T* +1 > 2 (t,r;x)<C I J(t-s) 1 + sup E(\X»(s, y)\> l An{s) ) 



(2.34) 

Let r n be the operator defined on real-valued functions as follows: 

T n {p) (s,x)=p((s + 2- n )AT, ^ 

Let £ n be the closed subspace of H generated by the orthonormal system 

T T- 1 l Ai (-)®ej(*), i = 0,..., 2 n -l, j = l,...,n, 
and denote by 7r„ the orthogonal projection operator on £ n . Then 

T^(t,r;x) = E( f [ (n n or n ) [S(t - x - *) B(X*(; *)) 
v Jo Jm? 

x l[o,r](0 U„(.)] (s,y) F(ds, dy) J 
and, by Burkholder's and Holder's inequalities, if J is defined by (4.1), 



ds . 



Tj; +1 ' 3 (t,r;x) < C E\\(7r n oT n )(S(t-;x-*)B(X«(.,*)l [0 , r] (.)l An 



(■))\\h 



(2.35) 



< C 



/ At 

Jo 



1 + sup E(\X k n (s,yW l An(s) ) 

yeM. 2 



ds . 
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Schwarz's and Holder's inequalities, (2.12) and (2.21) imply 
T k+1 '%r;x) < E(\\u»l Anit) \\* H \\S(t-;X-*) 

x [B(X k )-B(X k )}(.,*) l [0 , r] (.) l An(t) ||^) 

I 
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< Cr?* 1 * I J(t-s) sup E(\X k ( S ,y)-X k (s,y)\*>)ds 

y m 2 



(2.36) 

Analogously, 



x 



f At - s) 
Jo 



1+ sup E{\X k -\u,y)\* l An{r) ) 

(m,j)6[0,s]x1 2 



ds . 



(2.37) T k+l *{t,r-x)<C\\h\\ p H I J(t-s) 1 + sup E{ \X k (s, y) \ p l An(s) ) 



ds 



ds . 



(2.38) T k+1 *(t,r;x)<C / (t - s) 1 + sup E( \X k (s, y) |* l An{s) ) ds 

JO 1 y€R 2 J 

Therefore, (2.32)-(2.38) yield 

E(\X k +\t,r;x)\vi An{t) ) < Hi + sup {E([\X k (u,y)\v 

v 7 Jo 1 («,y)G[0,s]xR 2 k 

(2-39) + \X k -\u, y )\r+\X k (u : y)\v] l An(s) )}~ 

Set, for any k>0, te [0,T], 

= sup £;((K fc ( S ,y)^+|^( S ,y)n 1 A „ ( A 

Then, using (2.39) with r = t and r — t n and adding term by term the corresponding 
inequalities, we obtain 

(2-40) <p k+1 (t) <C f\l + V k n {s) + V k -\s)} ds , 

Jo 

with the convention (p^i') = 0- Since by (2.33) 

<p° n (t)<2 sup |X°(t,x)|'<C, 
xeR 2 

(2.40) yields 

SUp SUp SUp (fi k (t) < C, 
n>l fe>0 te[0,T] 

which establishes (2.31). Finally, the inequalities (2.22) and (2.29) imply (2.30), 
which completes the proof of the lemma. □ 

In the sequel K denotes an arbitrary compact subset of IR 2 . For any s,t, i G 
[0,T], x,x G K, ye M 2 , set 

~f(t,i,x,x; s,y) = S(t- s, x -y) - S(t - s, x-y) 
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and 

F(t,t,x,x; s,y) = \ f(t,t,x,x; s,y)\. 
Lemma 2.8. Assume that the function f satisfies the condition (CI). For any < 

7 < 2(lfe) ' [ ' T ]' 

(2.41) ||r(t, i, x,x;;*)\\ H <C(\t- If + \x- xn , 

(2.42) I I r(t,i,x,x; s,y) dsdy < C (\t -t\* + \x-x\*). 
Jo Jr 2 

Proof. Assume < t < i < T and set 

ri(t,t,a;,x; s,y) = (s(t - s, x - y) - S(i - s, x - yfj l[ 0)t ](s) , 

r 2 (t,i,x,x; s,y) = (s(i - s, x - y) - S(i - s, x - y)j l[o,t](s) , 
T 3 (t,t,x,x; s,y) = S(t-s, x - y) l [t ,t](s) ; 

then 

3 

||r(M>,x; •,*)!&<(? ^ ||r,(t,t,a:,x; •,*)||^. 

i=i 

For i = 1, 2, it is easy to check 

||ri(M,a;,x; •, *)|& < n t ,i-t + fh,i-t + ^(fh,i-t P*,i-t)* 

i 

\\T 2 (t,t,x,x; ;*)\\ 2 H <M t 

,x—x 

+ N t 

,x—x ,x—x 

where [i t ,i-u P*,i-t, M ttX _ x , N tfi - X are defined in (4.6)-(4.9), respectively. 
Finally, 

\\r 3 (t,i,x,x- .,*)\\ 2 H = v(i-t). 

Thus the estimates proved in Lemmas Al and A5 of Millet and Sanz-Sole (1997) (see 
(4.12) and (4.13)) show (2.41). 

In order to prove (2.42), set F(t, i, x, x; s,y) < Y^=i ^i(t,i,x,x; s,y), with 
fi(i,£,a;,x; s,y)= \ S(t - s, x - y) - S(i- s,x-y)\, 
r 2 (t,i,x,x; s,y)= \ S(t - s, x - y) - Sit- s, x-y)\. 

Assume < t < i . Then 

ds dyf 1 (tJ,x,x]s,y)<C(u tt t-t + i>t,t-t + ^(t-t)), 
Jo Jr 2 v 7 

with u(t — t), v t ,i-t-> ^t,t-u defined in (4.3)-(4.5). Hence the inequalities (4.3) and 
(4.10) imply 

(2.43) f ds f dyr 1 (t,i,x,x;s,y)<C(i-t)^. 
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Moreover, 

ds dy T 2 (t,t,x,x; s,y) < T 2 ,i(t,i,x,x) + 2F 2j2 (t,t,x,x) , 
Jo Jm. 2 



with 



\x — x\ 



r 2) i(t, t, x, x) = I ds I dy \S(t — s, x — y) — S(t — s, x — 



\x — y\<t— s 

\S—y\<i—a 



t 



F 2 ,2(t,t,x,x) = J ds J dy S(t - s, x - y) . 



\x—y\<t—s 

\x-y\>t-s 



Using (A. 24) in Millet and Sanz-Sole (1997, Lemma A4), we obtain r 2; i(t, i, x, x) < 
C \x — x\2. Finally, (1.31) in Millet and Sanz-Sole (1997) implies f 2 , 2 (£, t, x, x) < 
C \x — x\ 2. Thus 



(2.44) I ds l dy r 2 (t,t,x,x; s,y) < C \x - x\i. 

Jo Jk 2 

The inequalities (2.43) and (2.44) show (2.42) and conclude the proof of the Lem- 
ma. □ 

In the next Proposition, we show that the sequence of processes {X n (t,x), n > 1} 
satisfies the assumption (PI) of Lemma 4.1. It proves estimates similar to those in 
Millet and Sanz-Sole (1997, Proposition 1.4) which are uniform in n. 



Proposition 2.9. Assume (CI), (C2), (C3'). For any p G [1, oo), < t < t < 

P I 

2(l+/3) 



T, x,x e K , 7 e]o, 2^ml > 



sup || (X n (t,x) - X n (t,x)) lA n (t)\\ P < C ( \t - t| 7 + \x - x\ r ) . 



Proof. Consider the decomposition 

6 

E(\X n (t,x) -X n (i,x)\ p l An{l) ) <CJ2 R n(t,i; x,x), 

1=1 
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Rn(t,t 

R 3 n (t,i 

R^(t,i 
Rn(t,i 



X, X 
X, X 



\X (t,x)-X (t,x)\ p , 



= E 



I I q/(t,t, x,x; s,y) A(X n (s,y)) F(ds, dy) l An (t)) 
Jo </r 2 7 

^(iMM, x,x; •,*) B(X-(; *)), u n )f H l An(f) ), 
^(iMM, x,x; -,*) (B(X n )-B(X-))(; *), W B >|*, l An(f) ), 
£(|( 7 (M, ',*) D(X n (-, *)), l An(f) ), 

n7(t,t, s,y) 6(X n (s,y)) dsdy l An (t)) • 
_: 2 7 



In the proof of Proposition 1.4 in Millet and Sanz-Sole (1997) we have checked that 
for <5 



jL 



2(1+0) : 



(2.45) i£(t, t; x, x) < C ( \t - t\ s + \x- x\ 5 ) . 

Burkholder's and Holder's inequalities yield 
(2.46) 

i£(M; < C \\F(t,i, x,x; ;*)\\ p H \l + sup E( \X n (s, x)\ p l An{s) ) 

1 (s,x)e[0,T]xK 2 

Using the operators r n and 7r n introduced in the proof of Lemma 2.7 and standard 
arguments, we obtain 



Rl(t,i;x,x) = E[ 




JM? 



{n n o Tn ) (T(t,i, x,x; •,*) B(X~(; *)) 



x U,(t)) (s,y) F(ds, dy) P ) 
(2.47) < C\\r(t,i,x,x;;*)\\ p H \l+ sup E( \X~(s, x)\ p l An(s) ) 

Schwarz's and Holder's inequalities, (2.12) and (2.30) imply 

R 4 n (t,t;x,x) < {E^uJ^lA^E^it^x,^-,*) 

x (B(X n )-B(X;))(.,*)\\%l An{i) )Y 
< CrfTl \\r(t,i,x,x; ;*)\\ P H 



x{ sup E(\X n (s,x)-X-(s,x)\ 2p l An{l 

k (s,x)&[0,T]xR 2 



(2.48) 



< Cn^2- n ^ \\T(t,lx,x;;*)\\ p H . 
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Finally, 



(2.49) 

R 5 n (t,t;x,x)<C 



p H \\r(t,i,x,x-;*)\\ p H 1+ sup E(\x n (s,x)\n An{s) ) 

1 (s,a:)e[0,T]xR2 



R n {t,t; x,x) < C [ I I T(t,t, x, x; s,y) ds dy 

'o Jm. 2 



(2.50) 



1+ sup E(\X n (s,x)\ p l An{s) ) 

(s,x)e[0,T]xR 2 



Hence, (2.45)-(2.50), (2.29) and Lemma 2.8 yield the Proposition. 



□ 



Remark 2.10. Proposition 2.9 establishes the 7-Holder continuity for the trajecto- 
ries of X n on A n {T), because the sets A n (t), t G [0,T], are decreasing. Fix n > 1. In 
the proof of Lemma 2.3 we have shown 

2 

P(A n (T) c ) < C exp ( - n (y - In 2)) , 

for any a > (2 In2)i Consequently, lim^oo P(A n (T)) = 1, so that the trajectories 
of X n are a.s. 7-Holder continuous for any 7 < 2 (-f+0) ■ 

We now prove that the processes {X n (t,x), n > 1} satisfies the condition (P2) of 
Lemma 4.1. 

Proposition 2.11. Suppose that the conditions (CI), (C2) and (C3') are satisfied. 
Then, for any p e [1, 00), (t, x) G [0, T] x K , 



(2.51) 



lim || (X n (t, x) - X(t, x)) l An(t) ||p = 



Proof. Set 



8 

X n (t,x) -X(t,x) = K(t,x) 

i=i 
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with 

Ufax) = f I S(t-s,x-y)[(A + B)(X n (s,y)) 
Jo Jr 2 

- (A + B) (X(s,y))} F(ds, dy) , 

U*(t,x) = (S(t-; x-*) [D(X n (;*))-D(X(;*))}, h) H , 
ft 

T3 



U A n {t,x) = / / S(t-s,x-y)[b(X n (s,y))-b(X(s,y))}dsdy, 
Jo Jr 2 

U*(t,x) = (S(t-.,x-*)[B(X n (;*))-B(X-(.,*))}, u n ) H , 
U 5 n (t,x) = (S(t--,x-*) [B(X-(;*))-B(X- (.,*))}, u n ) H , 

U°(t,x) = (S(t-; X-*) B(X-(;*)), U n ) H 

-If S(t-s,x-y)B(X-(s,y))F(ds,dy), 
Jo Jr 2 

U 7 n (t,x) = f I S(t-s,x-y)[B(X-(s,y))-B(X-( S ,y))}F(dsdy), 
Jo Jm 2 

U*(t,x) =11 S(t-s,x-y)[B(X-(s,y))-B(X n (s,y))]F(dsdy), 
Jo Jw 2 

with X~ and X~ defined in (2.16) and (2.17), respectively. 
Burkholder's and Holder's inequalities imply 

\\U 1 n (t,x)l An(t) \\l<C fj(t-s) snp \\(X n (s,x)-X(s,x))l An{s) r p ds. 

Jo xeR 2 

Schwarz's and Holder's inequalities yield 
K(t,x) l An{t) \\ p p < C \\h\\ p H f J(t-s) sup \\(X n ( S ,x)-X( S ,x))l An{s) r p ds. 

Jo xeR 2 

Analogously, 

\\U 3 n (t,x)l An{t) \\l<C f(t-s) sup \\(X n (s,x)-X(s,x))l An{s) r p ds. 

Jo xeR 2 



Since 

/ 

r5 



U*(t, x)= / (7r n o Tn ) S(t--,x-*) [B(X-) - B(X-)} (•, *) l An( . } (s, y) F(ds, dy) , 
Jo Jr 2 l j 

Burkholder's and Holder's inequalities easily yield 

\\(US(t,x) + U 7 n (t,x))l An(t) \\l<C fj{t-s) sup \\(X-(s,x)-X-(s,x))l An{s) r p ds. 

Jo xeR 2 

Thus, (2.30) and Lemma 2.5 ensure 

HU^x) + U:^x))l An[i) \\l < CnP2^i 

+C [ J(t-s) sup \\(X n (s,x)-X(s,x))l An{s) \\P ds. 

Jo x£R 2 
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Thus, by Gronwall's lemma, if suffices to check 



(2.52) 



sup sup \\U l n (t,x) l An (t)\\ P ►0,i = 4,6,8. 

0<t<T xeK n_>0 ° 



Schwarz's and Holder's inequalities, (2.12) and (2.30) imply 

\\U 4 n (t,x)l An[t) \\l < C{E(\\^ l An{t) \\ 2 £)} h 

x sup \E(\X n (t,x)-X-(t,x)\^ l An( t))Y 

< Cn 2p 2~ n ^. 
Burkholder's, Holder's inequalities and (2.30) imply 

\\U 8 n (t,x) l An(t) \\l < C f J(t-s) sup (\\(X-(s,x)-X n (s,x))l An(s) \\Ads 

Jo xGK 2 v 7 

< C n p 2^ n(1+/3) § ; 

thus (2.52) holds for i = 4, 8. 

Set \\U^x) l An{t) \\l < C(u e n '\t,x) + U^(t,x)), with 

(Vr n O Tn ) (S(t-;X- *) B(X-(; *)) U n( .)) 

-7r n (s(i - x - *) B(X~(; *)) l An( .))] (s, y) dj/) 

= /V k(5(t--,x-*) u„o)(^y) 
Jo Jm 2 L v 7 

-5(4 - s, x - y) B(X-(s, y)) l An(s) ] F(ds, dy) 
By Burkholder's inequality, 

U^(t,x) < CE^||r B (5(t-.,x-*)B(X-(.,*))l ilB( . ) ) 



t/r(t,x) 




rt 2 



Define 



T n (S(t--, x-*)) - S(t--,x-*) 

p 

H 



.(■) 



x r n (s(X-(.,*)) U„ 
^ 2 (t,x) = £7(||5(t-.,x-*)[T B (s(X-(.,*)) 
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The process {X~(t,x), (t,x) E [0,T] x R 2 } defined by (2.17) depends on n, but 
Lemma 2.5 and (2.7) imply 

sup sup E ( \X~(t, x)\ p ) < oo, p G [1, oo) . 

n>l (t,j;)e[0,T]xl 2 

This property together with (4.12) yield 

(2.53) ^ 1 ' 1 (i I i)<C2- B1p 
for any 7 < ^y- 

Moreover, since X is a particular case of X n , by Lemma 2.5 and Proposition 2.9 we 
have 

sup \\(X-(s + 2- n ,x)-X-(s,x)) l Anis) \\ p < C 2"^ 

(s,i)e[0,T]xl 2 

for < 7 < 2(1+13) ■ Consequently, 

(2.54) U^' 2 (t,x) < C 2~ n ™. 

The inequalities (2.53) and (2.54) imply JJ^it, x) < C 2~" 7P and therefore 

(2.55) lim sup U% 1 (t,x)=0. 

n ^°° (t,x)e[0,T]xK 

Let Ih denote the identity operator on the Hilbert space H. Burkholder's inequality 
yield U% 2 (t,x) < C Z n (t,x) , with, for (t,x) £ [0,T] x K 

Z n (t,x) = E( ||(7r n - I H ) (S(t--,x- *) *)) W))ll^). 

The sequence ^ ||(7r n — Ih) ( ^(i — •, x — *) _B(X - (-, *)) x lA n (-))ll-ff) i ^ > 1 decreases 

to as n — > oo. It is bounded by sup„ 2 \\S(t — x — *) B(X~(-, *))\\h ', we prove 
that this last random variable belongs to L P (Q). Indeed, Schwarz's inequality implies 

4 

£(sup \\S(t-;X-*) B(X-(;*))\\ P H )<C Ti , 

i=l 

with 

Ti = E(\\S(t--,x-*) (l + \X\,*))\\\ p H ), 

T 2 = E^sup J^ds J J dydz S(t-s,x-y) f(\y-z\) S(t-s,x-z) 

x I r I S(s-r,y-7i) (A + B) (X(r,r,)) F(dr,d V )\ 
Jo Jr 2 

x I r [ S(a-r,z-Q (A + B) (X(r, ()) F(dr , d()\ 
Jo Jr 2 j 
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T 3 = E^sup J ds jj dy dz S(t — s,x — y) f(\y — z\) S(t — s,x — z) 
x \(l [0 , Sn] (-)S(s-.,y-*) D(X(.,*)),h) H \ 
x\(l [0 , Sn] (-)S(s-;z-*) D(X(;*)),h) H \f), 

T 4 = sup J ds J J dy dz S(t — s,x — y) f(\y — z\) S{t — s,x — z) 

S(s — r,y — rj) b(X(r, r])) drdr]\ 



x 



x 



JR 2 



S( s -r,z-() b(X(r,())drd(\ 



'0 JR 2 

Holder's inequality implies that 
T2 < C ds dy dz S(t — s,x — y) f(\y — z\) S(t — s,x — z) 



x E ( sup 

^ n 

x E ( sup 



f [ S(s-r,y-ri) (A + B)(X(r,ri))F(dr,dri) P y 
Jo Jr 2 ' 



S(s-r,z-() (A + B)(X(r,0)F(dr,d() 

'0 JR 2 

Doob's maximal inequality applied to the martingale 

CT f 

S(s - r, y -7j)(A + B) (X{r, rj)) F(dr drj) , T T 




Jr 2 



implies that 



To < C 



1+ sup E(\X(s,y)\ p ) 

(s,y)e[0,T]xR 2 



A similar easier computation using Schwarz's and Holder's inequality yields 



T 3 + T 4 < C 



1+ sup E(\X(s,y)\r)]. 

(s,y)e[0,T]xR 2 J 

Therefore, these estimations and (2.7) imply for p £ [1, 00 [, 

£(sup \\S(t--,x-*)B(X-(-,*))\\* H )<oo. 

Thus, by dominated convergence, the sequence (Z n (t, x)) n >i decreases to 0. 
Moreover, Z n (t,x) is jointly continuous in (t,x); consequently by Dini's Theorem 



sup Z n (t, x) I as n — > 00 . 

(t,x)e[0,T]xK 



Thus, 
(2.56) 



sup U®' 2 (t,x) 

(t,x)e[0,T]xK 



0. 
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The convergences (2.55) and (2.56) complete the proof of (2.52) for % — 6, and hence 
that of the Proposition. □ 

Proof of Proposition 2.2. Since equation (2.2) defining the process {X(t,x), (t,x) G 
[0, T] x M 2 } is a particular case of equation (2.1) which defines {X n (x,t), (t,x) G 
[0,T] x M. 2 } , Propositions 2.9 and 2.11 ensure the validity of conditions (PI) and 
(P2) of Lemma 4.1 for the sequence of processes Y n (t,x) := X n (t,x) — X(t,x) and 
the sequence of adapted sets B n (t) := A n {t) defined in (2.11). Therefore, given any 

< ^ < 2(ife) ' p e t 1 ' 00 )' 

(2-57) hm E(\\X n -X\\* tK l An{T) ) = 0, 

where || • || 7j ^ is given by (1.5). 

Fix e > 0; by Lemma 2.3 there exists n G N be such that P(A n (T) c ) < e. Then, for 
any rj > 0, 

P(\\X n -X\\^ K >ri) < e + P(\\X n — X\\ 1:K > r] , A n (T)) 
(2-58) < e + rj-v E(\\X n -X\\^ K l An{T) ). 

Since e > is arbitrary, (2.57) and (2.58) show (2.4). □ 



3. Approximation in L p 

In the previous section, we have proved an approximation theorem in probability, 
by showing the LP convergence of the sequence X n localized by A rij M(n) ■ The aim of 
this section is to check that under a stronger growth assumption on the coefficients, 
a slight modification of the proof yields the //-convergence of X n to X without 
localization. Let us introduce the following growth condition: 

(C4') There exists 5 G (0, 1) and a constant C > such that for x G M 2 , 

\A(x)\ + \B(x)\ + \D(x)\ + \b(x)\ < C (1 + \x\ s ) . 
Then we have the following 

Proposition 3.1. Assume (CI), (C2) and (C4'), and let X and X n be defined by 
(2.1) and (2.2) respectively. For any 7 G ^0, 2 {\+p) ) > ever U compact subset K C M 2 
and every p G [1, +00) , 



(3.1) 



lim 



\X n — X\ 



The proof is very similar to that of Proposition 2.2, and will only be sketched. It 
depends on several technical lemmas, which are "unlocalized" versions of Lemmas 2.6 
and 2.7. 
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Lemma 3.2. Suppose that the conditions (CI), (C2) and (C4'J hold. Then for any 
p e [l,+oo) , t e [0,T] ,5' e}5, 1[ and n>l, 



sup E{ \X*(s,y) -XZ(s,y)\>) 

(s,j/)G[0,t]xK2 



(3.2) 
and 

(3.3) 



P 1+/3 



1+ sup E(\XZ-\8,y)f*) 

(s,j/)6[0,t]xM 2 



sup E(\X n (s,y)-X-(s,y)\P) 

(s,y)e[0,t]xM. 2 



V 1+/3 

< C n% 2~ n 2 p 



1+ sup E(\X n (s,y)\ l 

(s,j/)e[0,t]xM 2 



Proof. Consider the decomposition 

4 

i?(|X„ fc (t,a;)-X n fc (t,x)n<c7 £ f 



i=l 



where each term is deduced from the corresponding term T^' 1 introduced in (2.23) 
by removing l An (t)- 

Let p and q be conjugate exponents such that 5p = 5' '. Then Schwarz's and Holder's 
inequalities, (1.14) and (4.11) imply 



T^(t,x) < El\\l M u; n \\y 



\qp\ ? 



x E(\\l {tnit] (.) S(t-.,x-*) B{X k n -\-^))\\^ 



< C 2 n § 2~ n 2 



x 



M*-*n)(l+ sup E(\Xt\s,y)\ s ™)) 

(s,j/)e[0,t]xM 2 7 



p (1+/3) 



1+ sup 

(s,j/)G[0,t]xR 2 



The upper estimates of T k,t , i — 1,3,4 are obtained by means of a straightforward 
modification of that of T^' 1 in the proof of Lemma 2.6; this concludes the proof 
of (3.2). 

Using the arguments in the proof of Millet and Sanz-Sole (1997, Theorem 1.2), we 
obtain the convergence of the Picard iteration scheme, i.e., for p e [1, +oo), 

(3.4) lim sup (\\X^s,x)-X n (s,x)\\ p +\\X^s,x)-X-(s,x)\\ p ) =0. 

k ^°° (s,a;)G[0,T]xR 2 V 7 



Therefore, (3.2) and (3.4) yield (3.3). 

We now prove LP convergence of X~(s, y) to X n {s, y). 



□ 
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Lemma 3.3. Assume (CI), (C2) and (C4'); then for p e [l,+oo) ; 
(3.5) sup sup ( \\X n (t,x)\\ p + \\X~(t,x)\\ p ) < oo , 

n>l (t,x)£[0,T]xM. 2 V 7 

and 
(3.6) 



i+.fl 



sup \\X n (t,x)-X-(t,x)\\ p < On 2 2-™—. 

(t,x)£[0,T]xR 2 



Proof. The proof reduces to that of 
(3.7) ' 11 vk 



sup sup sup i ||X*(t,a;)||p+||X*(*,a;)||p) 

n>l fc>0 (t,x)£[0,T]xR 2 v 7 



< OO . 



Indeed, (3.4) and (3.7) imply (3.5), while (3.3) and (3.5) yield (3.6). For r < t, 
consider the decomposition 

6 

(3.8) E(\X k+1 (t,r;x)\*>) <C £ f k ^(t,r;x), 

i=i 

where T k+1)l (t,r; x) is deduced from the term T k+l,t (t,r; x) in (2.32) by removing 
1a„(<)- The arguments used to upper estimate T k+1,t for % ^ 4 are similar to that in 
Lemma 2.7 and are omitted. They yield the analogues of (2.33)-(2.35), (2.37) and 
(2.38). 

Let 5' e]5, 1[ , p = (5') _1 , p and g be conjugate exponents; then Schwarz's and 
Holder's inequalities and (1.13) yield 



f k ^(t,r;x) < E(\\uT H P Y 

x E(\\S(t--,x-*) lp, r] (.) - (-,*)f/) 1 



< Cn5 2 n § 



sup E(\(X k n -X k n )(s,y)r) 



Hence (3.2) implies 

T n fc+1 > 4 (t, r; x) < C^T?{n^T n ^^ 



x[l+ sup ^(l^-^y)! 5 '^)!}' 

L (s,s)6[0,r]xl 2 V 7J } 



(3.9) < Cn p 2" n/3 2 

Set (p^ 1 = 0, and for every k > 0, 



1+ sup 

(s,y)G[0,r]xK 2 



= sup sup E(\X k (s,y)\ p +\X k (s,y)f). 



0<S<t y£R 2 



Then for every k > , 



< c f 

Jo 



ds 
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Since sup 0<t<T y3°(t) = C < oo, this implies (3.7). □ 

Replacing (2.29) and (2.30) by (3.5) and (3.6) respectively, the arguments in the 
proofs of Propositions 2.9 and 2.11 yield the following 

Proposition 3.4. Assume (CI), (C2) and (C4')- Let K be a compact subset ofM 2 
and p G [1, oo); then, 

(i) For < 7 < ,0<t<i<T , x,x e K , 

(3.10) sup \\X n (t,x) -X n (t,x)\\ p + \\X(t,x) -X(i,x)\\ p < C{ \t - t| 7 + \x - x| 7 ) . 

n 

(ii) For (t,x) G if, 

(3.11) lim \\X n (t,x) -X(t,x)\\ p = 0. 

n 

Proof of Proposition 3.1. To conclude the proof of this proposition, it suffices to 
apply Lemma A.l in Bally, Millet and Sanz-Sole (1995). Indeed, the results proved 
in the previous Proposition ensure the validity of the hypothesis of that Lemma. □ 
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4. Appendix 

This section quotes some notations introduced in our previous paper (Millet and 
Sanz-Sole, 1997), which are extensively used along the paper. It also contains a 
technical result. 

For any t G [0, T], h>0, £ G R 2 , set 



J\y\<\x\<t \A _ \ x \ V* ~~ Ifl 



4.2) /x(t) = fds f dx f dy S(s,x) f(\x-y\) S(s,y) = -L fj( s )ds, 

4.3) „* = ds ^_^ = -, 

2n JO J\x\<s a/S 2 - M 2 2 

4.4) i/ t)ft = [ ds [ dy (s{s,y)-S{s + h,y)), 

Jo J\y\<s V 7 

4.5) i/ t)fc = ds dy S{s + h,y) , 

Jo Js<\y\<s+h 

fh,h = ds dy dz[S(s,y)-S(s + h,y)} f(\y-z\) 

Jo J\v\<s J\z\<s 



J\y\<s J\z\<s 

4.6) x [S(s,z)-S(s + h,z)], 



4.7) fit th = ds dy dz S(s + h,y) f(\y - z\) S(s + h,z) , 

JO J s<\y\<s+h Js<\z\<s+h 

4.8) = f I dy f dzS(s,y)f(\y-z\)S(s,z), 

Nt* = [ds I dy I dz\S(s,y)-S(s,y-0\f(\y-z\) 

I €1 / M<s / \z\<s 

2 J \y-t\<s J \z-t\<s 

4.9) x \S(s,z)-S(s,z-0\- 
A direct computation shows 

4.10) v t ,h + i>t,h<C h*. 

Assume that / satisfies the assumption (CI); then Lemma A.l in Millet and Sanz-Sole 
1997) implies 

4.11) J(t) < C 1P, fi(t) < C t p+ \ t G [0, T] , 

while for t G [0, T], h V |f | < \ and < 5 < Lemma A.5 in Millet and Sanz-Sole 
1997) shows that 

4.12) tk,h + ih,h < Ch 5 , 

4.13) Mtt + Nu < C\£\ 5 . 
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The following lemma is a localized version of Lemma A.l in Bally, Millet and Sanz- 
Sole (1995). For the sake of completeness we give the main arguments of the proof. 

Lemma 4.1. Let {Y n (t, x), (t,x) G K }, n > 1 be a sequence of processes indexed 
by Kq — [0,T] x K , K being a compact set ofM. 2 . 

Let {B n (t), t G [0, T]} C T be a sequence of adapted sets which, for every n, decreases 
in t. Assume that for every p G (1, oo): 

(PI) There exists 5 > such that, for any < t < t < T , x,x G K , 

sup E( \Y n (t, x) - Y n (t,x) \ p l Bn(t -)) <c(\t- t\ + \x- x\Y +6 . 

(P2) For every (t, x) G [0, T] x K, 

hm E(\Y n (t,x)\ p l Bn(t) ) =0. 

Then, for any p G ^0, and any r G [l,p), 

hm E(\\Y n \\ r p:K l Bn{ T))=0. 

Proof. Let C = 2 d + 5', d = 3, < 5' < 5; set z = (t, x), z = (i, x). Then, by (PI), 

where 

B' = [ [ \z-z\- d+5 - 5 ' dzdz < +oo. 



l B „(t) dzdz. 



K JK 

Set 

\YJz)-YJz)\P 



Kq JK 



- 7>\C 



\z — z 



Clearly, by Fubini's theorem, E (Z) < C B', so that 

P(Z > \ p ) < C\- p B'. 
The Garsia-Rodemich-Rumsey Lemma yields 

\Y n (z) - Y n (z)\ l Bn{ t) <C Z*\z- z\ po , 
with po = j. Since {B n (t), t G [0, T]} decreases in t, this yields for any p < £ , 

P sup j > A, BJT) < A p E \ sup — 

\z±z \Z-Z\P J \ z ^ 2 \Z-Z 

< C \- p E(Z) < C \- p . 

Intersecting with the set B n (T), we now proceed exactly as in Bally, Millet and Sanz- 
Sole (1995, Lemma A.l) and show that for any e > 0, r G there exists N G N 

such that for any n > N, 



Yn(z)\ P 1 \ 



^(llnll^ Ibwco) <s r + Ce. 
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